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Airfoil Nomenclature

The straight line connecting the leading edge (L.E.)
and trailing edge (T.E.) is the chord line.

Mean camber line is the locus of points halfway
between the upper and lower surfaces as measured

perpendicular to the mean camber line itself. x-location
z 4 of maximum Maximum thickness
The camber is the maximum distance between the thickness -~ ™
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 symmetricalairfoil —

ﬂmbered airfoil \
NACA 0010 NACA 2410

< S =
NACA 0015 NACA 2412
NACA 0018 NACA 2421
NACA 0021 NACA 4412

-
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Airfoil Nomenclature

NACA airfoils NASA (National Aeronautics and Space Administration)
(National Advisory Committee for Aeronautics)

NACA X X X X

‘ L Maximum thickness in hundredths of chord

Location of maximum camber from LE in tenths of chord
Maximum camber in hundredths of chord

NACA 0012 NACA 2412

‘ L Maximum thickness 12%c ‘ L Maximum thickness 12%c
0: No camber

Maximum camber is at 0.4c from LE
Zero camber (symmetric airfoil) Maximum camber 2%c (asymmetric airfoil)
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Low Speed Flow Over Airfoils
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Figure 4.7  Vortex filoment.

Infinite no. of point vortices along a straight line
extending to infinity (+o0 to - )

Vortex sheet /
+

Pix, z)

74
Vaortex sheet in
perspective
- X
Edge view of sheet
Figure 8.8  Voriex sheet,

Infinite no. of vortex filaments side Induced velocity, dV due to
by side, where strength of each infinitesimal vortex filament

filament is infinitesimally small.
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Low Speed Flow Over Airfoils
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Figure 4.9  Tangential velocity jump across
a vortex sheet.

Circulation around the dashed closed path is
= ﬁ: V -dS =v,dn +u,ds —v,dn —u,ds

= I'=(u; —u,)ds ; dn—>0
—yds=(u,—u,)ds ; y isthelocalsheetstrength per unitlength

= y=U —Uu,

Local jump in tangential velocity across the vortex sheet is equal to the local sheet strength.

© Dr. A.B.M. Toufique Hasan (BUET) M.Sc. Eng. (April 2024) ME 6135: Advanced Aerodynamics 6



Low Speed Flow Over Airfoils

The concept of vortex sheet is instrumental in the theoretical aerodynamics of low-speed airfoll.
A philosophy of airfoil theory for inviscid, incompressible flow is as follows:

Consider an airfoil of arbitrary shape and thickness in a free stream with velocity V. as
sketched in the figure. Replace the airfoil surface with a vortex sheet of variable

strength y(s). Calculate the variation of y as a function of s such that the induced velocity

field from the vortex sheet when added to the uniform velocity of magnitude V. will make
the vortex sheet (hence the airfoil surface) a streamline of the flow.

In turn, the circulation around the airfoil will given by

I'= j]/ ds
where the integral is taken around the complete surface of the airfoll.
Finally, lift is calculated by the Kutta - Joukowski theorem :

L=p V., I

Airfoil of
arbitrary shape
and thickness

Figure 4.10  Simulation of an arbitrary airfoil by distributing
a vortex sheet over the airfoil surface.
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Low Speed Flow Over Airfoils

The concept of replacing the airfoil surface with a vortex sheet is more than just a mathematical device; it
also has physical significance. In real case, there is a thin boundary layer on the surface, due to the
action of friction between the surface and the air flow. This boundary layer is highly viscous region in
which large velocity gradients produce substantial vorticity (curl VV # 0).

Hence, in real life, there is a distribution of vorticity along the airfoil surface due to viscous effect and the
philosophy of replacing the airfoil surface with a vortex sheet can be constructed as a way of modeling
this effect in an inviscid flow.

Modeling of boundary layer as vortices (vortex sheet):

Airfoil of

VxV 0 Voo arbitrary shape
Shoulder of airfoil - S N ; E— d thi
z A ~ Note: Flow outside houndary and thickness
maximum speed outside | cUp| \V/ £(Q layer isinviscid flow
of the houndary layer i ’
J— -\ —tg - Turhulent houndary layer -
o T { T o
ﬂﬁt“"@ | Figure 4.10 Simulation of an arbitrary airfoil by distributing
g — = = - a vortex sheet over the airfoil surface.
, Skl ¥
Boundary / = ''{ T r ..ﬁtﬁ*_-_r
— il layer LTI‘ansitiun : ] -
—— region (laminar P
Poo o L (shaded) hecomes ’ \\\_
W e pressure = Total pressure p, wrh“l;;:;mﬁm e ae C: — Wake
point »
{Stalled flow)
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Low Speed Flow Over Airfoils

Imagine that the airfoil is made very thin. If we were to stand back and look at such a thin airfoil from a
distance, the portion of the vortex sheet on the top and bottom surface of the airfoil would almost

coincide.

This give rise to a method of approximating a thin airfoil be replacing it with a single vortex sheet
distributed over the camber line of the airfoil, as shown in figure.

The strength of this vortex sheet is calculated such that, in combination with free stream, the camber
line becomes a streamline of the flow. This philosophy is known as classical thin airfoil theory.

Vortex sheet on
camber line

Yo \‘}ﬁ*\r’_s

Thin airfoil

Y(s)

thin airfoil approximation
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Thin Airfoil Theory 24

Camber line, z = z(x)

Consider a vortex sheet placed on the camber line of an
airfoil, as shown in Fig. (a). The free-stream velocity is V_, M

. . . - | = X
apd the airfoil is at an angle of atti;le.(AOA), a. The ){ (l) C%rdhne C
distance measured along the camber line is denoted by s.

The shape of the camber line is given by z = z(x). The

(@) Vortex sheet on the camber line

chord length is c. 24
W' is the component of velocity normal to the camber line
induced by the vortex sheet; W' = w' (S) Camber/““e’z =200
5 w'(s)
L 1/ | ¥
If the airfoil is thin, the camber line is close to the el 0 wix) ¢
. . . Chord li
chord line, and viewed from a distance, the vortex sheet e
appears to fall approximately on the chord line as shown (b) Vortex sheet on the chord line
In Flg (b) Figure 4.17 Placement of the vortex sheet for thin airfoil analysis.

Here y = y(X) and y = y(X) is calculated to satisfy that the
camber line (not the chord line) is a streamline.
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Thin Airfoil Theory

z 4
For the camber line to be a streamline, the component of
velocity normal to the camber line must be zero at all // ,’
points along the camber line. /]
The velocity at any point in the flow is the sum of uniform Camber line, z = 2(x) /‘u,' tan-1 (- 42)
velocity and the velocity induced by the vortex sheet. \PQ\7I\ &
Let Voo’n be the component of free stream velocity normal [ .
to the camber line. Thus, for the camber line to be a
streamline; - Voo
/ . B do\ ™~
VentW(s)=0 tan ! (- )
| - Figure 4.18 Determination of the component of freestream
At every point along the camber line. velocity normal to the camber line.
At any point P on the camber line, where the slope of the 2\
camber line is dz/dx, the geometry of figures yields;
Camber line, z = z(x)
: dz dz ,
Voo,n :Voo S|n|:a+tanl(—j:| zVoo,n :Voo(a——j /,,5 w(s)
dX dX a; 1,?:? [f} w(x) {L *

Chord linc

for a thin airfoil at small angle of attack « and tanl(— %) —> _%
X X
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Thin Airfoil Theory "

If the airfoil is thin, the camber line is close to the chord Camber line, z = 2(x)
line, and it is consistent with thin airfoil theory to make e Ws)
the approximation that T A L x
Chord line
/ ~Y

W (S) ~ W(X) (k) Vortex sheet on the chord line
an expression for w(x) in terms of the strength of the vortex Figure 4.17  Placement of the vortex sheet for thin aifoil anclysis
sheet Is easily obtainable as follows :

z Y = Vortex strength per unit length

Consider an elemental vortex of strength yd& located at a *‘dik_ / W
distance ¢ from the origin along the chord line, as shown in a—0—0—7C Ci S—C—=xt
figure. The strength of the vortex sheet y varies with the —t— |
distance along the chord line; that is y = y(&). The velocity ) ’ |
dw at point X induced by the elemental vortex at point ¢ is: Figure .19 Calulaion of he nduced velocty ot he

y(&)dé recall

2 (X—=¢&) V, = _ZL . due to vortex (clockwise)
Y
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Thin Airfoil Theory

In turn, the velocity w(X) induced at point X by all the

z A

elemental vortices along the chord line is obtained by
integrating from leading edge (¢ =0) to the trailing edge Ads}__ ‘i’
(€=¢0): a—e—o—o—e eS¢

. ot

w0 —— [ 2 ()9 : x .
0 27(x=¢) |
d Figure 4.19 C;Ic;lﬁtion of the induced velocity at the
zWr(s):_ ¢ 7/(5) é: '
0 27(x=¢)

for the camberline to be a streamline,
Von+ w'(s)=0

:Vw(a gj_ c (e

Cdx) Jo2z(x—&)
c (Integro-differential equation)
= 21 j 7(c)de zvoo(a—$J —
0 -
70 X-¢) X Fundamental equation of thin airfoil theory.

To be solved for symmetric airfoil and cambered airfoil.
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Thin Airfoil Theory
Symmetric airfoll

A symmetric airfoil has no camber; the camber
line is coincident with the chord line.

dZ B Fluid
dx
Lrde  (, d
27 90 (X =) dx
1 (e d
f y(£)dg V.a
20 (Xx=¢)
To deal with the integral in above equation; adopt the following transformation:
5:3(1—cos¢9) < de=Ssingde i
2 2 d w
atL.E. £=0 ; =0 Pl SN c}c S—=x ¢
atT.E. £=c ; O=nx ¢ ) N
Further, since x is a fixed point in the above equation, it corresponds as Figure 4.19  Coleuition of the induced velociy of the
chord line.

x:%(l—coseo)
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Thin Airfoil Theory

Substitute the above transformation gives: Fluid
—_—

1 7 y(f)sinodo
27 J0 coSH —Ccosb,

= V, o

A rigorous solution of the above equation can be obtained from the mathematical
theory of integral equations (self-study)

y(0)=2aV,_ (1+c0s6) —

siné Distribution of circulation around a symmetric airfoil
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Thin Airfoil Theory

Now, the total circulation around the symmetric airfoil is

r=[" r(£)d¢

jr:%_[: y(0)sinfdo ; transformation,5:%(1—c059)

1+cosé
(L+c080) o g |- y(e):mvw( | )
sin @ sin @

= I'= %K 2aV

=I=acV_ joﬂ (1+cosd)do

S T=racy, | Cm—
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Thin Airfoil Theory

In case of symmetric airfoil;

IF'=rzacV, Fluid,

Using Kutta-Joukowski theorem,;

L'=p V_T (lift per unit span of airfoil/sectional lift)

o0

=L =racp, V.” (- I'=xacV)

Thesectional lift coefficient

2
L’ racp, V
977 Tl
2 2
PV, —pV.C
2 2
= C| =27 4mmmmm  Theoretical lift coefficient is linearly proportional to the
angle of attack (AOA).
: dc, L . . o
liftslope =— =27 4mmmmmm Theoretical lift slope is 2z per radian, which is 0.11 per
do degree of AOA.
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Thin Airfoil Theory

<y
2.4
2_0 . C I 3‘
NACA 0012 airfoil Eq. (4.33)
1.6 theory CI — 272'05
1.2 —
0.8
0.4 - Eq. (4.41) Cm’c/4
0 / i
-0.4 o1
~0.8 - — 02
—1.2k ® Re=3.0X10°——0.3
B Re=9.0Xx 105
L6 — ~0.4
i I | ! | I |

Figure 4.20

© Dr. A.B.M. Toufique Hasan (BUET)

-8 0 8 16 24 32

«, degrees

Comparison between theory and
experiment for the lift and moment
coefficients for an NACA 0012 airfoil.
{Source: Abbott and von Doenhoff,
Reference 11.)

M.Sc. Eng. (April 2024)

» Theory can’t predict the stalling phenomena.
* Theory can'’t differential the effect of Re number.
* Theory can’t accommodate the thickness of the airfoil.

ME 6135: Advanced Aerodynamics
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Asymmetric / Cambered Airfoil
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Thin Airfoil Theory

According to thin airfoil theory--

The strength of the vortex sheet is calculated such that, in combination with free stream, the camber
line becomes a streamline of the flow. This philosophy is known as classical thin airfoil theory.

Vortex sheet on
camber line

Voo | C T~ LI Gé@@*@@e_e
s

Thin airfoil Y(s)

Figure 4.11 Thin airfoil approximation.

Fundamental equation of thin airfoil theory is

L erds (a_gj

2 0 (x=¢) dx
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Thin Airfoil Theory

Asymmetric / Cambered airfoll
This type of airfoil has a finite amount of camber i.e.:

CAMBER — THICKNESS — MEAN CAMBER LINE

___________________________________

E + 0 — CHORD LINE
dx ' CHORD

1 s (a_ gj 0

21 0 (x=¢&) " dx

To deal with the integral in above equation; adopt the following transformation:

5:%(1—005«9) dgzgsiné?de

atLE £=0 ; 6=0
atTE &=c ; O=nx

Further, since x is a fixed point in the above equation, it corresponds as

X = % (1-coséb,)
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Thin Airfoil Theory

Substitute the above transformation in equation (i), gives:

1 (7 y(@)singdo v (a_g j
27 Jo cos@ —cos b, "

CAMBER —. THICKNESS ~—— MEAN CAMBER LINE
1]

(1)

dx

CHORD LIME

CHORD

Solution of the above equation from mathematical theory of
Integral equations gives as

1+c0os0 ~ .
y(0)=2V,,| Ay=———+> A,sinno (iii) ——
Distribution of circulation around
asymmetric/cambered airfoil

Note that the above expression consists of a leading term very similar to the expression for the case of
symmetric airfoil, plus a Fourier sine series with coefficients A,. The values of A, depend on the

shape of the camber line dz/dx, and A, depends on both dz/dx and Q.

(1+cosd)
sinéd

y(@)=2aV,

Distribution of circulation around a symmetric airfoil
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Thin Airfoil Theory

To find the specific values of A; and A, (n =1,2,3,....), substitute expression (iii) in equation (ii)

i_f A, (1+cos ) A sinné sin@de _ a_g (iv)

do+ j
COS @ —cos b, T = CoSé& —cos b, dx

The first integral can be evaluated from the standard form of integration:

j” cosné 40 :nsinné?o

. W = | n=1 [—5% 49 -z
0 Ccos@ —cos b, sin 6,

0 cosé@—coso,

CANMBER THICKNESS MEAN CAMBER LINE

The remaining integral can be obtained from

J‘ﬁ sinn@sin @

df =-mcosnég, (vi)
0 CoS@—Cosf,
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Thin Airfoil Theory

Using the above expressions (v) and (vi) in equation (iv)

AO—Z A, cosnéd, :oc—E
n=1

CAMBER —. THICKNESS ~—— MEAN CAMBER LINE

dx

CHORD LIME

CHORD

= —=la-Ay)+ cosné, Vil
ax AT Ay cosngy (v
It is the form of Fourier cosine series expansion for the function of dz/dx.

In general, the Fourier cosine series representation of a function f(6) over an interval 0 <6< 2x

f(0) = BO+Z B, cosné

n=1
where

17

By =— f(0) do
7T 40
2 (7

B,=—| f(€)cosnd do
7T J0
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Thin Airfoil Theory

Thus the coefficients of equation (vii) are; :%z(a_pbpf A cosné, (vii)
X n=1
dz = .
—=la-Ay)+ cosné Vil
dx ( Ao) n§—1' A, 0 (vii)

A, depends on both a and the shape

BO Bn
of the camber, dz/dx

(a - AO)——j —d6? = A= a—ijo” %de

A, depend on only on the shape
/ of the camber, dz/dx

—j —cosne do
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Thin Airfoil Theory

Now, total circulation due to entire vortex sheet from LE to TE is

r=[" 7(&) dé = % [7 7(6)sin6 o [using the transformation : & = %(1—005 )]

= rzcv{p\jjo” (1+cose)d9+i A jo” sinn@sin @ de} (vii)

y(e)_sz(AO1+_C°SQ+iAnsin nQJ (iii)
n=1

siné

Now, from standard table of integrals:

Oﬂ (1+cosh) dd =~

[ 2 for n=1
and sinn@singd dg =< o orn=
*0 0 for nz1

So, the equation (vii) comes as

= cmvw(ﬂAO +%A_Lj (viii) _ a__r LY

—j —cos@ dé
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Thin Airfoil Theory
Using Kutta-Joukowski theorem, Lift per unit span/sectional lift is;

L'=p V.T

CAMBER —. THICKNESS ~—— MEAN CAMBER LINE
1]

CHORD LIME

= L' =P, VOOZC (72' Ab + % Aij (IX) CHORD

And the lift coefficient,

L’ 17 dz
C = A= a——| —déb
FARO th o
= c,=7z(2A0+Al) (X) Alzgjoﬂ %cos@ do
= C =27 a+£r %(cose—l)dé’ (xi)
0 dX

Additional term due to camber

And the lift slope is,

= o (i)

da Gives the same result irrespective of magnitude of camber in
asymmetric/cambered airfoil !!!
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Thin Airfoil Theory

From the lift curve;

CAMBER — THICKNESS — MEAN CAMBER LINE
dC| !
C = e (05 ) - o)
o
1 dCl 1T L CHORD e
= C = 27:(05 — aL:O) - liftslope, Fye 2 (xiii)
o

17 dz .
= c|:27{a+—J. —(cos@—l)}d@ (xi)

7 J0  dx

Comparing equation (xi) and (xiil) gives:
AL _o=—"—" J‘ _(COSQ l) do (XiV) Stall due to
flow separation

This is the expression to determine the angleof |/ RJ
attack (AOA) at zero lift. e

= lift slope

C
ay = d_

Lift curve
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A dL

Leading edge r N o
E & ¢
dz—»]

[—= ¢ \l*-l

Figure 4.26 Calculation of moments about the leading edge.

Mg =-— /.3 §ldL) = =p,Vy ..é sy(8)dg (4.35)

The moment coefficient is

M
Cm,le = =
q..5¢
A
Cm,r:f-‘-l = Z(AE _AI) (464)
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Thin Airfoil Theory

1 7 dz

Theory— C =27 a+—j —(cos@-1) |do
7 Jo dx

Data from Abbott and Doenheofi (1949).

Re,:030x 10° 060 x10° & 9.0 x 10° a 6.0 x 10° (standard roughness)

2.‘4 K TTeTTT l L I L r L |_'
: ;
i Theoryf 1
161 ]
o - 3 T
‘5 08 g 1
g [ o
L _ E 4
8 5 T
ot - ok
2 oof 0w T S S ——
2 F £
= ; =
& i = NACA 2418 airfoil
0.8 |- —0.2 (asymmetric airfoil)
i ]
_11E_||rr|||i||1|'|| |||.|||rlil'_ﬂll__.l_
=32 —1& 0 16

Section angle of attack, dep
(b} NACA 2418 wing section

Fig. Lift curve for a cambered airfoil (NACA 2418)
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Problem

Problem (Anderson Ex. 4.6)

Consider an NACA 23012 airfoil. The mean camber line for this airfoil is given by

3 2
Z_ 2.6595{()() _ 0.6075(§j T 0.1147()‘)} for 0< 2 <0.2025
C C C C C

and L 0.02208(1— 5) for 0.2025<><1.0
C C C

Calculate
(a) The angle of attack at zero lift

(b) The lift coefficient when o = 4° 0 ] O O s~ S

NACA 23012
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